^ 



BIHEP-TH-94-20 
June, 1994 



-') 



(^-Deformed Chern Characters 

a^: for Quantum Groups S'f/g(A^) 

Bo-Yu Hou^), Bo-Yuan Hou^) and Zhong-Qi Ma^) 



1) Institute of Modern Physics, Northwest University, Xi'an 710069, P. R. China 

2) Graduate School, Chinese Academy of Sciences, P. O. Box 3908, Beijing 100039, P. R. China 

3) Institute of High Energy Physics, P. O. Box 918(4), Beijing 100039, P. R. of China 



> 

m 

o 
i> 

o 



D , Abstract 



In this paper, we introduce an A^ x A^ matrix e in the quantum groups 



S^ . SUq{N) to transform the conjugate representation into the standard form so 

Cd I that we are able to compute the explicit forms of the important quantities in 

the bicovariant differential calculus on SUq{N), such as the (;-deformed structure 
constant Cjj and the g-deformed transposition operator A. From the g-gauge 
covariant condition we define the generalized g-deformed Killing form and the 
m-th g-deformed Chern class Pm for the quantum groups SUq{N). Some useful 
relations of the generalized (7-deformed Killing form are presented. In terms of the 
g-deformed homotopy operator we are able to compute the (7-deformed Chern- 
Simons Q2m-i by the condition dQ2m-i = Pm-, Furthermore, the g-deformed co- 
cycle hierarchy, the g-deformed gauge covariant Lagrangian, and the g-deformed 
Yang-Mills equation are derived. 



1. INTRODUCTION 

Recently, quantum groups have attracted increasing attention. Since the quantum 
group is provided by a noncommutative algebra, the noncommutative geometry pre- 
sented by Connes [Con] plays a basic role like the differential geometry in the usual 
gauge theory. Following the general ideas of Connes, Woronowicz [Worl] [Wor2] de- 
veloped the framework of the noncommutative differential calculus. He introduced 
the bimodule over the quantum group, and presented various theorems concerning the 
differential forms and exterior derivative. Manin [Manin] suggested a general construc- 
tion of quantum groups as linear transformations upon the quantum superplane. The 
differential calculus on the quantum hyperplane was developed by Wess and Zumino 
[WZ]. There have been a lot of papers treating the differential calculus on quantum 
groups and the deformed gauge theories from various viewpoints [Ber] [Jur] [Zum2] 
[CSWW] [IP] [AC] [Cas] [SW] [FP] [Isa]. Here we would like to emphasize three papers 
on the noncommutative differential geometry and deformation of BRST algebra. 

Aschieri and Castellani [AC] gave a pedagogical introduction to the differential cal- 
culus on quantum groups by stressing at all stages the connection with the classical 
case {q — > 1). As an example, they gave the explicit forms of some matrices ap- 
pearing in the bicovariant differential calculus on SUq{2). CSWW [CSWW] presented 
a systematic construction of bicovariant bimodules on the quantum groups SUq{N) 
and SOq{N) by using the Rg matrix. They described the conjugate of the fundamen- 
tal representation for SUq{N) as antisymmetrized product of (A^ — 1) fundamental 
representations, and showed the expressions appearing in the bicovariant differential 
calculus on SUq{N) both by formulas and by diagrams. On the other hand, the anti- 
symmetrized product makes the calculation of explicit forms very complicated. In the 
later paper [Wat] Watamura investigated the g-deformation of BRST algebra for the 
quantum group SUq{2). Its generalization to SUq{N) depends on the explicit forms 
of the important quantities in the bicovariant differential calculus on SUq{N), such as 
the g-deformed structure constant Cj^ , the g-deformed transposition operator A, and 
projection operator VAdj- 



Based on the g-deformed BRST algebra presented by Watamura, we defined the q- 
deformed Kilhng form from the g-gauge covariant condition, and construct the second q- 
deformed Chern class, g-deformed Chern-Simons, and the cocycle hierarchy for SUq{2) 
in our previous paper [HHM]. In order to investigate the SUq{N) gauge theory we have 
to compute the explicit forms of the quantities in the bicovariant differential calculus 
on SUg{N). 

In fact, the key for solving this problem is to change the description for the conjugate 
representation. As everyone knows, the conjugate of the fundamental representation 
in SU{N) is equivalent to the antisymmetrized product of (A^ — 1) fundamental repre- 
sentations, as used by [CSWW]. However, it is also equivalent to a basic highest weight 
representation described by the last fundamental dominant weight Ajv_i. The monoid 
e"^, that is an A^ X A^ matrix, plays a very important role in the explicit calculations. 
The monoid e"**, that seems to have some relation with the g-deformed Weyl element 
[KR] , is proportional to the g-deformed Clebsch-Gordan matrix reducing the direct rep- 
resentation space of Ai (S> Ajv_i into the identity representation space [Ma], and provides 
the relations among the relevant Rg matrices. On the other hand, it also serves as the 
similarity transformation from the conjugate of the fundamental representation to the 
highest weight representation Aat-i. From those Rg matrices and monoid we compute 
the explicit forms of the quantities appearing in the bicovariant differential calculus 
on SUg{N) so that we are able to generalize the g-deformed SU g{2) gauge theory to 
the quantum groups SUg{N). In other words, for the quantum groups SUg{N), we 
generalize the g-deformed BRST algebra, define the g-deformed Killing form, and con- 
struct the m-th g-deformed Chern class and g-deformed cocycle hierarchy. In [CSWW] 
and [CW] a similar matrix e^^^ was introduced, where [j] is the short form for (A^ — 1) 
antisymmetrized indices. However, our e"''' makes the calculations much simpler. 

Recently, Isaev [Isa] discussed the g-deformed Chern characters where the base man- 
ifold is the g-deformed coset space {GLg{N + l)/{GLg{N) ^GL{1)). In the present 
paper, just like in [CSWW] and [AC], the spacetime is taken to be the ordinary com- 
mutative Minkowski spacetime, while the g-structure resides on the fiber, the gauge 



potentials being non-commutating. In the theory there are two nilpotent operators: 
the BRST transformation 6 and the derivative d, such that we can discuss the double 
cohoniology and cocycle hierarchy. In terms of a g-deformed homotopy operator we are 
able to compute the g-deformed Chern-Simons Q2m~i by the condition dQ2m-i = Pm- 
As example, we write the explicit forms of the g-deformed Chern-Simons Qs and Q^ 
exphcitly. 

The plan of this paper is as follows. In Sec. 2 we calculate the Rq matrices in the 
product representation spaces of Ai ® Ai, Ajv-i <S> Aat-i, Ai ® \n-i, and Aat-i ® Ai, and 
discuss their main properties. The monoid e"^ is introduced to relate those Rq matrices. 
The algebra of functions on the quantum group SUq{N) is sketched in Sec. 3. It is 
proved that the monoid transforms the conjugate of the fundamental representation 
Ai into the highest weight representation Aat-i. The generalized g-Pauli matrices are 
defined to separate the singlet from the adjoint components. In Sec. 4 we review the 
bicovariant differential calculus on SUq{N), and compute the explicit forms of some 
important quantities. Generalizing Watamura's investigation, the g-deformed BRST 
algebra for the quantum group SUq{N) is constructed in Sec. 5. From the condition 
6Pm = and dP„i = 0, we define the g-deformed generalized Killing form and the m-th 
g-deformed Chern class Pm in Sec. 6. In Sec. 7, the g-deformed homotopy operator 
is introduced in SUq{N) to compute the g-deformed Chern-Simons. Furthermore, the 
g-deformed cocycle hierarchy and g-deformed Yang-Mills equation for SUq{N) gauge 
theory are obtained in Sec. 7 and Sec. 8. Just like in the case of S'f/g (2), the components 
of the identity and the adjoint representations are also separated in the g-deformed 
SUq{N) gauge theory, although they are mixed in the commutative relations of BRST 
algebra. 



2. Rq Matrices and Monoid 

In the quantum enveloping algebra f/gAjv„i there are (A^ — 1) simple roots r„ and 



(A^ — 1) fundamental dominant weight Am, that are related by the Cartan matrix amn'- 

Yn = \m amn, U, ITl = 1, 2, ■ ■ ■ , {N - I) 

In the present paper, if without special notification, summation of the repeated indices 
is understood. To make formulas more symmetrical, we define: 

Ao = A^ = (2.2) 

A highest weight representation is denoted by its highest weight, that is a positive 
integral combination of Aj. The states in the representation are described by their 
weights that are the integral combinations of Aj. In this paper we are interested in only 
eight representations: the basic representations Ai, A2, AAr_2 and Aat^i, the symmetrical 
tensor representations 2Ai and 2AAr_i, the adjoint representation Ai + Aat^i, and the 
identity representation with the highest weight 0. Sometimes, the representations A2 
and AAr_2 are also called the antisymmetrical tensor representations. 

The fundamental representation Ai is A^— dimensional. The states in this repre- 
sentation are described by their weight (Aa — Aa_i). For simplicity, we enumerate the 
states by one index a as usual: 

a -^ Xa-Xa~i, a=l, 2,---, N (2.3) 

The conjugate of the representation Ai is equivalent to the representation Aat-i, where 
the states have the weights Aa-i — Aa and are enumerated by one index a: 

a = - a ^ \a-i-\a, a = N,---, 2, 1, (2.4) 

In the present paper, if without special notification, the small Latin letter except for 
n and m, such as a and i, runs over 1,2, ■ ■ ■ , N. 

The standard method for calculating the solutions Rq of the simple Yang-Baxter 
equation [Res] [Ma] is to expand it by the projection operators that are the products of 
two quantum Clebsch-Gordan matrices. The calculation method for Rg was described 
in the textbook [Ma] in detail. In order to fit the usual notation in the theory of the 



quantum groups, the solution Rq here is related to the solution Rq used in the book 



[Ma] as follows: 



Ra 



q R-q' (2.5) 

In the direct product space of Ai ® Ai the solution of the simple Yang-Baxter 



equation is: 



SAiA] 



pAiAi 
1 J cd 



ab 



" K'.'fl 



Q 



-1 ^'j^jAiA] 

^2 



ab 
cd 



Similarly, in the direct product spaces of Aat.i ® \n-i, Ai ® \n~i, and \n~i 
solutions of the simple Yang-Baxter equation are as follows, respectively: 



(2.6) 
Ai, the 



jAjv-iAjv-] 



ab 



( R^N-l^N-l 

\ 1 J cd 



fq~)^N-l>^N-l 



{A, 



AiAiv_i\ 
1 J cd 

Ajv_iAi\ 
1 J cd 



N-i J cd 

ab 

+-^JV-i/ cd 



q 



q (v'.ltiz' . ) . + 



-1 /'7^Aiv-iAjv_i 

AiV-2 



Ai Ajv- 



q (Vt-'"' 



+ 






ab 
cd 



cd 



(2.7) 



"^^-1/ cd ■ ' ■" V " J cd 

The superscripts, for example AiAi, have been implied in the super- and sub-scripts 
ab and cd, and can be neglected. Now, through straightforward calculation, we obtain: 



/ ^ \ ab 


= 


q 


.) 


zd / ^ \ba / ^ \dc 
ab = i^^J d, = l^^J -bd 

when a = b = c = d 




< 


A 




when a = c < b = d 




1 




when a = d^b = c 











the else cases 


1 J cd ~ 


- (^.- 


■) 


id / ^ -.\ba / ^ -.\dc 
ab = [^^ ) d-c = \^^ ) -b-a 




q-' 




when a = b = c = d 


= ' 


- A 




when a = c> b = d 


1 




when a = d^b = c 




C 






the else cases 



(2.8) 



Rr 



ab 



cd 



{K) 



cd 
ab 



1 when a = b = c = d 

— q\{—qY^^ when a = b > c = d 

q when a = d ^ b = c 

the else cases 
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(«.-)":- - («,-') 



cd 
ab 



1 when a = b = c = d 

q^^\{—qY^^ when a = b < c = d 
q~^ when a = d ^ b = c 

the else cases 

Hereafter, A and the g-number [m\ are defined as follows: 



\ = q-q-\ A^ + 4 = [2]2, 
A^ + 2 = !S, A=^ + 1 



A2 + 3 

[6] 



[3] 



[2]^ 



[3] [2] 



\m\ 



q — q 



(2.9) 



q - q-' 
Remind that in the direct product space of Ai ® Aat-i there is a subspace belonging 
to the identity representation. We define the monoid e"^, that is proportional to the 
quantum Clebsch-Gordan coefficients ([Ma] P. 157) reducing the product space into the 
subspace, as follows: 



e 






(2.10) 



ab _ 
^ ^cb 



(5" 



Cafe e 



be 



)^-l D'^ 



^fea ^ 



be 



(-1 



yN-1 



(D 



-l\c 



where the diagonal matrix D is related to double antipode action (see Sec. 3): 



:2.ir 



D% = St q 



a ^-N+2a-l 



-If-' e^' e,, 



f2.12l 



Four Rg matrices can be related by e matrices: 



■? / _ab 

Rf) - 

1 J cd 



q^^ (^ar 



1 / bs 



^±1 ^cf 



Rq matrix satisfies some important relations [Res]: 



Rf] e. 



_ra 
ra 



1 J ds 



(2.13) 



(«^ 



bd 



D" 



q^^ 5t 



D\ D\ [Rl , 

^ ^ 1 J bd 



?±i 



R. 



±1 



£)''. D" 



(2.14) 
(2.15) 



3. Algebra of Functions on the Quantum Group SUq{N) 

A quantum group is introduced as tlie non-commutative and non-cocommutative 
Hopf algebra A = Funq{G) obtained by continuous deformations of the Hopf algebra of 
the function of a Lie group. The associative algebra A, the algebra of functions on the 
quantum group, is freely generated by non-commutating matrix entries T1 satisfying 
the relation: 

{R^Yl T; T^, = n T", {R,yi (3.1) 

/ ^ \ab 

where [Rq] is given in (2.6). 

Tl, the elements of the fundamental representation of quantum group SUq{N), 
satisfy the Hopf algebraic relations: 

A(n) = T^, ® Ti, e(n) = 5^ 



k{T-;) T\ = n k{T\) = 6^, k\T\) = D\ T^, (D-^^^ 



b 



where the diagonal matrix D is given in (2.12). 

The g-determinant detqT is commutant with any element T1. For quantum group 
SUq{N) we have: 

detqT = E (-#(^)n, ■■■^1 = 1. 

(3.3) 

q* = q, {T%r = KiT\ 



where t{P) is the minimal number of inversions in the permutation P. k (tM can 
be expressed as antisymmetrized product of (A^ — 1) T\ [CSWW]. On the other hand, 
the conjugate of the fundamental representation Ai is equivalent to the representation 
Aat^i. Define: 

T\ = ei,K{T\) 6^^ k{t\) = e''T%e,a (3.4) 

For SUq{2), \i = \n-i- In this case the fundamental representation becomes self- 
conjugate: 

rpa_ rp3—a 

-'- b — -'- 3-b 

From (3.1), (3.2) and (2.13) we can show that T^ G A defined in (3.4) belongs to 
the representation AAr_i. 
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Proposition 1. T"t G A defined in (3.4) satisfy: 



^ \ ab 



T%T\ R 



Rr 



rs 
ah 



T% T\ = T% T\ (r,) 



ab _ _ 

Ra T", T' 



T%TK R. 



cd 

rs 

cd 



cd 



(3.5) 



Proof. From (3.1) and (3.2) we have 

.sb 



k{t^,) i?,) ^ n = n [R< 



rd 

In terms of (2.13) and (3.4) we obtain: 

.(n) {R^Yl t; = 



<T'd) 



^at 'l~'u_ ^_ 



Rr 



qe 



at 



^'s {R,yi <T^d) = T\ 



^" [R-, 



sb 

rd_ 
bv 



T 



c 

rpr 



R, 



ur 

ru r-pv 






qe 



at 



T\ R 



tc 



rpv 



^vd 



(-vd 



Comparing tlie quantities in tlie brackets, we get the first relation in (3.5). The proof 
of the other two relations in (3.5) can be performed analogously. Q.E.D. 

The direct product of T" and T^j spans the mixed space of the adjoint and identity 



representations: 



n T\ 



n ^dr <T^s) e' 



(3.6) 



In order to separate the singlet and the adjoint components in T^-^T^j, we define the 
generalized g-Pauli matrices, that obviously have to be proportional to the quantum 
Clebsch-Gordan coefficients: 



a" 



'ab 



q" {<yoY^ 



yl 



a 



{<y")ab 



Wi 



\ab 



^ab \ 



o- 



\ab 



J3I 



- q [iV]-i/2 e^fe 

^_l^N+a ^a~j+(N+l)/2 | J ^ _ ]^j|jjj-l/2 



(_l)iV+.+l^MA'+3)/2|[^._l]/[^.]|l/2 





when a < j 




when a = j , 


J>2 


when a > j 




when a < j 




when a = j , 


J>2 


when a > j 






(3.7) 



where the repeated j is not summed. In the present paper, we describe the adjoint 
components by a capital Latin, such as /, that runs over (ij) where i ^ j, and (jj) 
where j > 2, and describe both singlet and adjoint components by a capital Latin with 
a hat, like /, that runs over and I. In this notation, we have: 



c xd 



i^')ai i^jr = sj, (ao.5 i^ir = s: si 



Sometime, another set of g-Pauli matrices are useful: 



(3.^ 



o-^ 



0-^ 



{^\d e'', 



0-; 



\ad 



10-/J ejf, 



cr 



J) b 



*i. 



0- 



I\ h 



a 



I) d 



K^'d 



(3.9) 



o- 



0\ b 



q [iV]-V2 D\, 



i^oTb 



g-i [iV]-i/2 61 



J>2 



[a- 



J3\ b 



s. 



ab 



(T 



(3.10) 



- {[j - mj]V^' 



q'-' {[j - W]}-'^' 

Sab { - q-^ {[j - l]/b1}^/2 when a = j , J > 2 


where the repeated j is not summed. When g ^ 1, both {cr^)^ and {(yfY^ tend to the 
usual generalized Pauli matrices. Now, it can be seen that the singlet and the adjoint 
components in T'^^T''^ are separated explicitly: 



ii/ b 



when a < j 
when a = j 
when a > j 
when a < j 
when a = j 
when a > j 



M^j = 


i^ 


\b T% T'j 


i^jr - 


M\ = 


1, 


M'o = 


M'j = 


k\M^j] 


= 


D'k M\ 


(D-rj 


D\ = 


1, 


Dm. - 


= o2(^-^-) 



a') J n k{T',) (a 



j/b 



(3.11) 



(ij) 

where D is a diagonal matrix. 

The linear functionals (L^)"^,, defined by their values on the entries T^, belong to 
the dual Hopf algebra A' [FRT]: 



(L'-Tb {T^d) 



q 



^'"^ {RXdb. {L-)\{T^,) = q'/HK') 



l\ac 
q ) db 



(3.12) 
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A'{{L^y 


b) = 


{L^Yc ® 


(L^Yb, 


e'im 


a \ — Xa 
b) — ^6 


K'iiL^r,) 


(L^Tb = 


K = {L^Yc ^' {{L^Yb) 


(^o: 


(L^) 


'. m\ 


= (L^fs 


{L^fr 


(«.): 


Nl 


(L^) 


\ {L^)\ 


= {L^fs 


{L'Tr 





(3.13) 



(3.14) 



From (3.12) we have: 



^'{{L^Yb)n) = q^'/''e,^D\ (i?f ) ^^ {D-y^e 



4. Bicovariant Differential Calculus on Quantum Groups SUq{N) 

[CSWW] constructed the bimodule F for the quantum groups SUq{N) explicitly. In 
order to avoid confusion with the spacetime derivative, following Watamura's notation 
[Wat] in the theory of g-deformed BRST algebra, we call the first-order differential 
operator on A the BRST transformation operator, denoted by S: 

S: A -* T 

(4.1) 

P=j:a6f3er, ifpeF 

where a, P G A. 

A left action A^ and a right action Ar of the quantum group on F are defined as 
follows: 

Al : T ^ A ® T, AL{a6f3) = A{a) {id ® 6) A{(3) 

Ar : T ^ T ® A, Aii{a6P) = A{a) {6 ® id) A(/3) 

The tensor product between elements p, p' eT is defined to have the properties: 

{pa) ® p' = p ® {a p') 
a{p (g) p') = {a p) ® p' , {p ® p')a = p ® {p' a) 

The left and right actions on F F are defined by: 

Al: T®V^A®V®V 

(4.4) 

Ar: V®V^V®V®A 
11 



For example, 

Al(pi) = «1 ® Pi, Al(p2) = «2 ® P2 
Al(pi ® P2) = ai a2 ® p\ ® p'^ 
From the definition we have: 



(4.5) 



(4.7) 



(4.^ 



(e ® id) Al(p) = p, {id ® e) Ar{p) = p 
(A ® id) Al = (irf ® Al) Al, (irf ® A) Ai? = (A^ ® irf) A^ (4.6) 

{id ® A«) Al = {Al ® irf) Ai? 
[CSWW] constructed the fundamental bicovariant bimodule of SUq{N): 

^R{t) = r^'^ 1, AL{ri^) = T% if 
rf a = (a * /"j) rf ^ a rf = rf {a -^ j\ o k) 
where (a * /"^) = (/"^ id)Aa. 

Applying the *-operation on (4.7), [CSWW] obtained 

{r)* = f]a, AR{r]a) = r]a 1, Ai(r7,) = fi:(T^J ® f]b 

f]aa = {a * f\) f]b, a f]a = f]b {a * f^ o k) 
From the consistency with the commutation relation of the generators and the 
requirement for SUq{N) that the g-determinant of T^ commutes with any element in 
r, [CSWW] found that there are two independent functionals such that the following 
constructions are performed in a completely parallel way. Following [CSWW] we choose 
one of them as follows: 

f% = {L+)%, n = ^'-' {iL-)\) (4.9) 

Transforming the bases fja by the monoid e"*, we obtain the bases 1]^ for the mixed 
representation of identity and adjoint representations: 

In the commutative relations of the g-deformed BRST algebra the components of iden- 
tity and adjoint representations are mixed. For the bases r]^ we have 

An{v^) = r]J ^ 1, Al{v^) = M\ ® t]^ 
a T]-^ = r]^{a * lJ), a e A, iJeA' 
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where 

L/iab) = L/(a) L/(6), l/(1) = 5J 
(p * L/) = {L/ ® td) Al{p) 
Note that: 

Ai(r7°) = 1 ® r7°, A^(r7°) = 77° ® 1 (4.13) 

The bases of the left- invariant element of F are easy to be calculated from 77"^: 

uj^ = k{M^^) t]^, Al{J) = 1 ^ J, Aii{J) = uj^ ® /^(M^) (4.14) 

As the analogue of the ordinary permutation operator, a bimodule automorphism 
A in r ® r is defined by: 

(4.15) 
A(a r) = a A(r), A(ra) = A(r) a, aG^, rGT®! 

Thus, we have 

W®V') = A'iiV^^V^, ^% = LiiM'-^) (4.16) 

In terms of (2.13), (3.12) and (3.15) we are able to compute ^^'^f>f explicitly: 
i^if i^jf A^'j^r (-^), (-'),, = (-^), L^iTD L/{T\) {ajf 



KL V" Jfj V" Jki ~ V Jfj ^K^^ k) -5 V- i) V-J 

L~Y.^{T\) e-^" k'{{L+)\){T\) e-s. (L-)-^(T^^) e^'^" 



, .J, .„„ .-' .»^- (fl-f; (4-)'; (/?,)'■;;;, (i?-' 

^^ ) ^u W ]k \^^ ) r, W -si 



(4.17) 
For given matrices {ViY\j and {V2Y11 define a operator {Vi,V2yj^i [CSWW]: 

A A n ^ / ^ \ OC ~ / ^ \ US ~ ~ 
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Hence, we obtain four projection operators, orthogonal to each other: 

Vs = {V2X^,V2X^_,) + {Vx2,Vx^_,) 

Va = {V2x„Vx^_,) + {Vx„V2x^_,) (4.19) 

Vs + Va = 1 
From (4.17), (2.6) and (2.7) we have 

A = [R-\R) 

= {V2X„V2x^_,) - q-^ {V2X„Vx^_,) - q" {Vx,,V2X^_,) + {Vx„Vx^_, 

A-1 = [R,R'^) 

= {V2X„V2X^^,) - q^ {V2X,,Vx^_,) - q-^ (^A„^2A^._,) + {Vx„Vx^^, 

(4.20) 
Therefore, ^^'j>f satisfy the Yang-Baxter equation: 

^^ LS ^^ TR ^^ PQ ^^ LS ^^ PT ^^ QR \^-^^) 

From (4.20) we know that the eigenvalues of A matrix are 1, — g^ and — g~^: 

'A + q^) (a + g-2^ (A - 1) =0 (4.22) 



From the symmetry of the quantum Clebsch-Gordan coefficients ([Ma] P. 156) we 
have: 

r ) (ab)(cd) ~ ^^ (dc){b-a) l^.idj 

Through direct calculation of (4.17), we obtain the non-vanishing components oi A^'ij, 

as follows: 

A'^L = i^-'Y'KL = Si,6i + f/ fj,, AO^oo = (A-^)°°oo = 1 

^''jK = i^~TjK = A /i^, K"} = i^-'yi'o = A //^ (4.24) 

A°5o = (A-^)^ = <55, AZ = {A-Tjo = (A^ + 1) S^j 

where /j^^ and //^ satisfy: 

/('•«) _ _ n f(v)iki) _ r. 

J(ij){ki) ~ ^' J(:rs) ~ ^' 

if Aj — Aj_i — \j + Aj_i + Afc — Afc_i — A^ + A^_i 7^ A,. — A^-i — A^ + Xg-i 

Ars) _ Asf) f{i~i){kt} _ liik){jt) rj fRS _ (\2j_o\^I 

j(fj){ki) ~ Jmifiv hrs) ~ hsf) ' jRs Jj - i^ +^j''j 

(4.25) 
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The non-vanishing components of fjj^ and //^ are hsted as follows. In the following 
(4.26) there is no summation for the repeated indices. 



J{ik){kJ) 



JJYj-1/2 ^-fc-(Af-3)/2^ 



/, 



{kj){ik) 



when % ^ i ^ k ^ % 



rjYl-l/2 -A:+(3Af-l)/2 AM){ih.) 



'(ij) 



/< 



{kk){fj) 



^ \\Nmi 



1/2 



q 



A-N 



2k-N-l 



[k] 



.[N][k-l]. 



[k] 



1/2 



1/2 



^2k-N 



\[N][k-l]) 

g'^-^ (\N\\k\\k-\\y^l'' 
^-^ ([iV][A;][A;-l])"'/' 



l{kk){ij) 



q- 



2N-2k ( F M\ 

^ [[Nm 



JJYj-l/2 ^fc-(Af-l)/2 

. [TV] -1/2 qk-{N+3)/2 (4.26a) 



if k = i < j 

if j < i = k 

if i<j = k (4 266) 

if k = j < i 

if i < k < j 

if j < k < i 



1/2 



,2Af-2fc+l 



-g" 



[A:] 



[iV][A;-l], 



V[iV][A;-l], 



1/2 



[iV] 



1/2 



UA;][A;-1]; 

[N] y/^ 



W[A:-1], 



_^2JV-fe ([iV][A;][A;-l])"'/' 

g-^ ([Ar][A;][A;-l])''/' 

[iV] 



1/2 



Ag 



N~k 



Mk-M. 



if k = i < j 

if j < i = k 

if i < j = k 

if k = j < i 

if i < k < j 

if j < k < i 

if i < j < k 

or j < i < k 

(4.26c) 
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(kk) 



Aki 
J Hi 



^ [mik]) 



1/2 



3-fc-i 



j-fe+l 
j-A:+2 



[fc] 



1/2 



fiV][A;-l], 



[A;] 



1/2 



V[iV][A;-l]; 

[[N][k]) 
i-j-k+2 ([iV][A;][A;-l])-'/' 



q 



i-j-k+2 



m[k][k-l]) 



-1/2 



if k = i < j 

if j < i = k 

if i < j = k 

if k = j < i 

if i < k < j 

if j < k < i 



(4.26rf) 



/^ 



(kk) 



^N+k-j-2 (\^ H^ 



1/2 



g 



7V+fc-i-i 



[A:] 



1/2 



-<1 



i+k-N-3 



[N][k-l]J 

( [k] V'' 



\q 



2k- j -2 



[N] 



1/2 



\k][k-l]. 



\q 



i-2 



[N] 



1/2 



q 



i+k-N-2 



Q 



[N][k-l]J 

([k-i]y^' 

[[N][k]) 
qi-J+k+N-2 ([Ar][A;][A;-l])~'/' 
i-j+k-N-2 ([iV][A;][A;-l])"'/' 



Mk-l]. 



- A q"J+'''^ 



[N] 



1/2 



Mk-i], 



/, 



(kk) 
{kk){kk) 






1/2 



if k = i < j 

if j < i = k 

if i < j = k 

if k = j < i 

if i < k < j 

if j < k < i 

if i < j < k 

or j < i < k 

(4.26e) 



/^ 



/^ 



(kk)(kk) 
{kk) 

UT)in) 

(kk) 



- A g^-2i+'= 



[iV] 



1/2 






'-^•- (^)""^' 



(4.26/) 



Z(i_j)(fcfe) ^ 7r(fefc)(iJ) 



[A;][A;-1]; 



, if J < A; 

,1/2 



Xq 



if j < /c 



Substituting (4.24) into the Yang-Baxter equation (4.21) for two cases: K = P =Q = 0, 
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and J = K = P = 0, we obtain: 



/^« IF fis = - (A^ + 1) fk' 

eK x-S fRT _ _ (\2 ,A\ fK 



f^s fh fr = - (A^ + 1) fh 

Now, defining the exterior product of tlie elements in F: 



(4.27) 



p Ap = p ®p' - A(p ®p') (4.28) 

we liave: 



L 



From (4.20) and (4.22) we know that r]^ A r]'^ is annihilated by the projection operator 
Vs: 

Vs = [2]-2 (A + q') (A + g-2) (4.29) 

= [2]-2 {A + A-i + (A2 + 2) 1} 



namely, 



fi A T]^ = 






^^ A 1]^ + 1]^ A 1]^ = 


X 

\2 1 < 


^ fjK V' A r^^ 



(4.30) 



fp^ Irs V^ a V^ = - (A2 + 2) r]^ A r]'^ 
The projection operator Va now can be expressed as follows: 



Va = [2]"^ {2 - A - A-i} (4.31) 



It is interesting to notice that we can introduce a projection operator VAdj with only 
the adjoint components that projects the product space of two adjoint representations 
into the adjoint representation space: 



CPa^jY'^, = ,rr^^, {VaYL = - i\' + 2)-'f^'f 



{VAdj) Rs i'^Adfj) KL - O^Adj) KL (4.32) 

(VAdj) Rs Ik = Ik ^ C^Adj) J J Irs = fij 
CPAdjYKL {v'' A r^^) = T]' A r]' 
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Now, we are in the position to define the BRST transformation S on A and r^™". 
(5 is a nilpotent operator: 

S: A ^ r, 5: r^" ^ r^(™+i) 

Sa = {ig/X}{r]^a - ar]^), aeA (4.33) 

6p = {ig/X} {r^o A p - (-l)"p A 7]°}, per^" 

Introduce a functional x ^ '^'• 

Sa = r]-' {a * Xj) 

Xj(«/5) = Xj(«) e(/5) + Lf{a) Xk^P) 
Xj Xk = (Xj ® Xk) ^ 

where xj ^i^e the g-analogues of the tangent vectors at the identity element of the 
group, and (■ * Xj) ^'^^ the analogues of right invariant vector fields [AC]. XiiT%) are 
proportional to the g-deformed Pauli matrices: 

Xl{T\) = - ig [iV]-V2 ^l-A^+2/Ar (^^)a^ 

Xo(n) = - ig [iV]-V2 ^l-A.+2/A. (^^)a^ + |,^/^| (^^ _ ^2/iV) ^a (4.35) 

The g-deformed structure constants can be computed from (4.34) and (4.24): 

(4.36) 



Cji - x.AM'k\ ^k = ci = 



Cox = - ^^A bi, CJk = - ig fjK 

Since C/j^ are proportional to /j^, they satisfy the weight conservation condition: 

(4.37) 



(4.38) 



The g-deformed Cartan-Maurer equation can be derived from (4.33): 

5r/° = {ig/\} {r]° A r]^ + r]^ A r]^} =0 

Srj^ = {ig/X} Ir]^ A r]^ + r]^ A rf\ 

= {ig/\} [r]^^r]^ + r]^^r]^ - (A°J^ + A™~^) r]'^ ^ r]^} 

= — igX 1]^ ® 1]^ — ig fj^ rj'^ f]^ 

= 7]-^ ® [t]^ * Xj) 

namely, 

Sn'^ = c/^ n'^ n^ = 

5r]^ = C/^ T]'^ (g) T]^ 

= {ig/X} jr]" A T]^ + T]^ A r]°\ 
= (A2 + 2)-iC/^ {v'^v'') 
From the condition S'^a = 0, the functionals xj span the "g-deformed Lie algebra": 

Xi XJ - a15 Xk XL = Ci Xk (4.39) 

Acting (4.39) on M^^, we obtain the g-deformed Jacobi identities satisfied by the q- 
deformed structure constants: 

^IR^JS ~ ^ ij ^kfpLS = ^iJ^RS (4.40) 

For the adjoint components we obtain from (4.40): 

(^m)^/. C/«C,« = ^ C,«C/, (4.41) 

In fact, (4.41) is the same as the second relation in (4.27). Similarly, acting (4.39) on 
T°■^^ we obtain following relations: 



Xi in) Xj (nj - ^u Xk in) Xt [n) = C^^ xn (Tl) (4.42) 

{VA,,fj'j XK (T^,) XL (n) = e (A^ + 2)-i Cjj XR (Tl) (4.43) 

where and hereafter, ^ denotes a constant: 

e = g^/^ {l - A g-^ [Nr} (AAA) 
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5. g-deformed BRST Algebra 

Watamura [Wat] investigated the g-deformed BRST algebra B for SUq(2). The 
investigation can be generalized into the quantum groups SUq{N) straightforwardly. 
We sketch the main results in our notation. 

f]^ in the bimodule F is defined as the ghost field in the BRST algebra, that has the 
ghost number 1, but the degree of form 0. The gauge potential A^ has the degree of form 
1, but the ghost number 0. There are two nilpotent operators in the BRST algebra: 
The operator 6 increases the ghost number by one, and the operator d increases the 
degree of form by one. Neglecting the matter field, that is irrelevant to our following 
discussion, we are only interested in four fields in the BRST algebra B: r], df], A, and 
dA, which satisfy the following algebraic relations. 

Firstly, we introduce an index n that is equal to the difference between the degree 
of form and the ghost number. The indices n for rj, dr], A and dA are -1, 0, 1, and 2, 
respectively. Both nilpotent operators S and d satisfy the Leibniz rule in the graded 
sense for the index n: 

6^ = 0, d^ = 0, d6 + 6 d = 

d{XY) = {dX)Y + (-1)"- X{dY) (5.1) 

6{XY) = {6X)Y + (-1)"- X{6Y) 
where X, Y & B, and rix is the index of X. Both d and 6 are covariant for the left and 
right actions: For any element X E B they satisfy: 

Al{SX) = {id ® S)Al{X), Ai(rfX) = {id ® rf)Ai(X) 
Ar{6X) = {6 ^ td)AR{X), An{dX) = {d ^ td)An{X) 

Secondly, the gauge potentials A^ are assumed [Wat] to have similar properties like 
1]^ . Hereafter, we neglect the wedge sign A for simplicity. 

{Vs)% {a^ A^) = 

A' A^ = 0, {VAdjYiL (^"^ ^^) = A' A' (5-3) 

{ig/\} (a" A^ + A^ AO) = (A2 + 2)-i CJk ^^ ^^ 

From the consistent conditions [Wat] , dr]'' and dA'^ have to satisfy another relation: 
{VAfii {dv^ dr]^) = 0, {VAYii {^^^ ^A^) = (5-4) 
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namely, 

drj^ drp = drp df]^ = — \^^ fj^ dr]'^ dr]^ 

dA^ dA^ = rf^o dA^ = - A-i /j^ dA'^ dA^ 
Thirdly, the gauge potential is introduced in the covariant derivative. The covariant 
condition of the covariant derivative in the BRST transformation requires: 

^9 / aI , aI „o 



M° = 0, 6A' = dr]' + j- (r7° A' + A' 7]^) (5.5) 

Fourthly, for two different fields X"' and Y^ in B with indices Ux and n^, nx > Uy, 
respectively, the consistent condition requires the following commutative relations: 

(_!)«-«. X^ Y^ = Y^ (X^" * L^) = A^i^ Y^ X^ (5.6) 

From (4.24) we have 

/ ^\na:ny vO yj __ yj vO 

{ig/X} (yOX^ - (-1)"-"^ x^yo) (5.7) 

= - igX yo X^ - ig f/j^ Y-^ X^ = Y-^X^ C/^ 

At last, the gauge fields F"^ satisfy: 



F-^ = dA-^ + {ig/\} (^0 A-^ + A-^ A"^) 

FO = rf^o, F' = dA' + (A2 + 2)-i C/k A^ A^ (5.8) 

pi ^j ^ ^k pL ^/j ^ 

5F'^ = {ig/\} (rf F^ - F^ r^o) = r]^ F^ C/^ (5.9) 

dF^ = - {ig/X} (^0 F^ - F^ A^) 

= - {tg/X} (^0 dA^ - dA^ AO) (5.10) 



= - A^ dA^ C 4 

J K 

The commutative relation (5.6) can be rewritten as follows. 

Proposition 2. The components X"^ and Y1 of two different fields X'^ and Y^ in B 

with indices Ux and ny, n-x > n-y, respectively, satisfy: 
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i) 



(^ ^ \ ri / ^ -, \ tk / ^ -,\ ai / ^ -,\ sk , 






(5.12) 



(5.13) 



{^(^/A} (yox^ - (-i)«-«« x^yoj (aj)'^, 

Proof. (5.6) can be rewritten in terms of the explicit form (4.17) of ^^'j>f'- 

- (f^^r. m (^^t. m ("^f (-.)" y ^' 

/ ^ \bc / ^ \vd 

Moving two factors [Rq } _ [Rq) _- from the right hand side of (5.13) to the left, 
and left multiplying (5.13) by q'^egs'^i^/, we obtain the left hand side of the equation 
as follows: 

(-1)"-^-^ e.v 6«, {R^'Yl. {R,yl ia,f (a^f X^ Y^ 
= i-ir^^y q-' e,, {R^'fl {R,yl^ X% Y'^,, e'^'<^ 

= {~ir^-yx%{R-^yiY<^, {R-^Yi, 

The right hand side becomes: 

Comparing two sides of (5.13) we obtain (5.11). From (5.7) and (4.42) we have: 
{tg/X} (yOX^ - (-1)"-"^ X'Y^) {ai)\ 

-tgq^-^+'/^[N]-y^y' Xi{T%) Cj^Y^X^ 
-^gq^-N+VN^N]-'/2y^ {Y-^Xjin) X^ Xk (n) 

(-l)n^n,XJxjn) Y^XK{n)} 

'-igq^~^+^/^[N]-^/^) [Y'^dX^ - (-1)"-"- X^^^ F^) 
+ {ig/\} (l-q^/^) (Y^ X% - (-1)"-"^ X%Y^) 
~igq^~^[N]-^/^) (y^rf X"^^ - (-l)"-"« X'^^ Yj, 
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(5.12) was proved. Q.E.D. 

6. g-Deformed Chern Class and g- Trace 

In our previous paper [HHM], omitting the possible constant factor, we assume that 
the second g-deformed Chern class P for the quantum group SUq{2) has the following 
form: 

P = (F, F) = F' F' g',j (6.1) 

where from the condition: 

dP = 0, dP = (6.2) 

we defined the g-deformed Killing form g'jj as: 

g'jj = D% C,^ CjI (6.3) 

For SUq{N) the non- vanishing components are: 

9'mm = - 9' <i''-''' {{mm} 

where the repeated indices are not summed. 

Recalling (4.35) and (4.36), we may define another g-deformed Killing form gij: 

9ij = D\ xiiT\) xjiT^a) 

9mm = - 9' [N] q^^-^^^'l^ (6.4) 

where the repeated indices are not summed. The else components of gjK are vanishing. 
Both for SUq{2) and for SUq{N) two g-deformed Killing forms are proportional to each 
other, namely, just like the Killing form in a Lie algebra, the g-deformed Killing form 
is also independent of the representation in which it is calculated. 

Now, we are going to define the higher g-deformed Chern class Pm for the quantum 
group SUq{N) from the covariant condition (6.2). Generalizing (6.4) we define the 
"generalized g-deformed Killing forms" and the g-trace as follows: 

gj,j,...j^ = DZ, XI, {tZ) XI. (n) ■■■ Xi^ {tTo) (6.5) 
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{X^, X2, ■ ■ ■ , X„) = Xt Xi^ ■■■ Xt gj,j,...j^ (6.6) 

where Xj are fields rj, drj, A or dA in the BRST algebra B. In (6.6) the fields can also 
be replaced by, for example, XY^, Y^X or F. From the properties of g-Pauli matrices, 
the sum of all subscripts of nonvanishing components gii-.-i^-, as weights, has to be 
zero. The following theorem is easily proved from (4.43) and the definition (6.5). 

Proposition 3. The generalized q-deformed Killing forms satisfy the following rela- 
tions: 

CPAdj) JK 9h-I„-lRSIr,+ 2-In. = - W^ {^ + 2)" fjK 9ll-I„-lRIn+2-In. (6-7) 

where ^ was given in (4.44). 

(6.7) can be rewritten in another form by removing a factor /j^: 

fx 9h-In-lRSIn+2-Im = W ^ 9 h-Iu-lK I„+2-I„, (6-8) 

The m-th g-deformed Chern class Pm for the quantum group SUq{N) is defined as 

follows: 

Pn. = {F , F, ■ ■ ■ , F) 

= F'^ F'^ ■■■ F'- gj,i,...i^ (6.9) 

= (-^(?[iv]-vv-^+2/^)" Dz, F% Fx ... n- 

From (5.9) and (5.12) we have: 

-zgq'~^[N]-y') {d^ < F^ F^ ■ ■ ■ F° 

— n^ F"i F'^a ... T?a.m ri°-o\ 
-^ ai -^ a2 -^ as ^ ao 'lb] 

By (2.14), (2.15) and (5.11) the second term cancels the first term: 



ao 



(6.10) 



nfc pa\ pa2 . . . -pam ^ao 
ai a2 as ao / b 

= D^ F"i F"2 ... F''"'lD'a^ f^'^V'^i n'^,, 

-^ ai -^ a2 -^ as ^ ao \^ J H \ Q ) di \ ' ^ 



yN r>b n« I?ai T7a2 . . . I?am_i ram / ZD-l \ '•' „d / O-l ^ ' '^ ^ 



q- D\ D^^ FX FX . . . F-- F- (i?"^ j ^^ r^'^, (i?-^j ^^ [R, 

gA^ /^^, D^, FX FX ■ ■ ■ F-- ^ K'O .. ^'c {r,') ,, no (^.) ,, 

y -^ ai -^ j V-fl-g ) ^f, 'I c \^q ) ^^ ^ a2 ^ as ^ a^ ^ ao V 9 

g^ D'^o^ D^^ rfl (r^'YI FX FX ■ ■ ■ ^T^ ^Z 



Q J j-i 0.2 a-i am ao 



nao „ai pr pa2 . . . pam-l pam 
-^ ai 'I r -^ a2 as am ao 
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Thus, 5Pm = 0. This technique of proof was firstly used by Isaev [Isa]. The proof of 
dPm = can be performed analogously: 

dPm = (^gl-^+^/^[iV]-V2) l^ao ^b^^ ^^a,^ ^^a.^ ... ^^a™ 

= 

Note that the components of the identity and the adjoint representations are sep- 
arated in the g-deformed Chern class, although they are mixed in the commutative 
relations of BRST algebra. 

This technique can be used to prove more general relations. Remind (6.6) and that 
the condition 6Pm = can be rewritten as follows: 

5Pm = {ig/X} {v' F'^ F'- ■■■ F'- gr,j,...j^ - F'^ F'- ■ ■ ■ F'- r]^ gi,i,-i^} 
= 

Now, the following theorem can be proved straightforwardly. 

Proposition 4. Let Y E B with index Uy, and Xi, that are not the field Y , he any 
fields in B with the indices n^, n^ > Uy. Then: 

( — 1)" (Xi , ■ ■ ■ , Xm , Y) = (Y , Xi , ■ ■ ■ , Xm) 

(-1)" (Xi , ■■■ , x^) yo = yo (Xi , ■■■ , Xm) (e.ii) 

m 

n = '^ niUy 

i=\ 

Some corollaries can be derived from Proposition 4. First of all, substituting the 
commutative relation (5.6) into (6.11) we obtain some constraints for the "generalized 
g-deformed Killing forms": 



A ^1-^1 \I2K2 \Im~lKm~-l \ Imlo _ „ 
\IlKl \I2K2 \Im-lKm-l \ImIo fl 



(6.12) 



^^.^.■■^™ ^Z. ^tj. ■ ■ ■ ^t!i:. ^^-.^ = 4o 9J.J.-J^ (6.13) 



25 



(6.12) describes the cyclic property of the g-trace. (6.13) is equivalent to the following 
form: 



E 9i.-i.J...-J^ ^t\ "^tX ■ ■ ■ ^t!i:. "^t.J. = (6-14) 

n=l 

namely, 

9i^i.-ir.XKo{M\---Mi^) = (6.15) 

Bernard [Ber] gave the special form {m = 2) of (6.14): 

9„.„ C--j^ + 9„„ A';5, C^j^ = (6^6) 

In terms of Proposition 3, it can be proved by direct calculation that the constraint 
(6.12) is equivalent to (6.13). It is not surprising because they come from the same 
source. In fact, by making use of the explicit form (4.24) we obtain the same relations 
from (6.13) as from (6.12). For example, when m = 1 we obtain: 

91 = (6.17) 

It implies the orthogonality (3.9) of g-Pauli matrices. When m = 2, we obtain: 

(A^ + 2) gu + gns /^ fh = 
(A^ + 1) gRK f?j + giR ffK + 9RS fT fu ISk = 
Thus, 

ffj 9RK = 9IR ifK (6.18) 

When m = 3 we have: 

(A4 + 3A2 + 3) gjjK + {\' + 1) {/r fh 9RSK + If f^K 9iRs} 

+ // fjK 9rst + // ^ fp^J fp2 ^ fpiK 9rst = 

(A2 + 2) /f, gnjK - (A^ + 1) /f, gLRK - /j\ 9lir 

_ fRT fP fS „ fR fSP fT „ 

— Jp JlJ JtK 9LRS — J LI J J JPK 9rst 

At last, from Propositions 3 and 4 we can prove: 

(A™) = A^i A^2 ■ ■ ■ A^-^ 9hi2-im = 0, when m ^ 3 (6.20) 
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(6.19) 



In fact, define: 

IlKi \I2K2 \In-2Kn-2 \ln-lln 

J1J2 K1J3 ' ' ' i:„_3Jn-] 

y^Ti . . . j^T^-nj^Ji . . . ^^n 2<n< m 



/ A"^\ ^ — r, A ^1^1 \^2K2 \in-2J^n-2 A -1 



(6.21^ 
. ^Ti . . . ^T„-n^Ji . . . ^^n^ 3 < n < m 



(A'")^™ = 9n-T^-.i.-i. A%2^'& ■■■AV^r A^"-^" 



Since tlie factor (A"^) has been abstracted, the functions 0„and ipn are independent of 
m. From (4.24), (4.27) and (5.3) we obtain the recurrence relations and some exphcit 
values for the functions: 

0n = - (A^ + 1) (pn-l + ^n, n>3 

iPn = {X^ + l)^n-l - A2(A2 + 1)V;„_2 
n— 5 

+ E {(-l)"+'A2((A^ + l)'-a(A2 + 2))^„_„_2} 

a=l 

+ (-l)"A2(A2 + 2)(A2 + l)"-4(A2-n + 4), n>5 



02 = -A^-l, 03 = 1, 04 = - A2(A2 + 3) - 1 
05 = A2(A2 + 2)2 + 1, 06 = - A2(A2 + 3)(A4 + 3A2 + 3) - 1 
The limit values of the functions are as follows: 

lira 02„ = - 1, lini 02„+i = 1, lira ^„ = 

(7-»l 9^1 q^l 

lim A"2 (02„ + l) = - 2n2 + 4n-3 

lim A~2 (04„+i - 1) = 4n(2n-l), lim A"^ (04n+3 + 1) = 4n(2n + 1) 

lim A~2 -02™ = - 2(n-l), lim A"^ 02n+i = 2(n - 2) 

q^l ij->l 

Now, substituting (6.12) into (6.21) we have: 

(0„ - 1) {A"') = (6.22) 

It leads to (6.20). It is interesting to notice that in the classical case (g = 1) only 
(A^") = is well known. (6.20) also holds for rj instead of A due to (4.32). 
Generalize the g-trace (6.6) as follows: 

{■■■ , Z,, [X ,Y], Z2, ■■■) = ■■■Zi^ X'Y^ Zi- ■ ■ ■ {VAdi)% 9-hRSi2- 

(6.23) 
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where X, Y and Z are fields in the BRST algebra B. The fields can also be replaced 
by, for example, XY^, Y^X or F. From Propositions 3 and 4, we have: 



(■■■ , X, [77, 77], Y, ■■■) = (■■■ , X, r/, r/, F, ■ ■ ■) 
(■■■ , X,[A, A], Y, ■■■) = (■■■ , X, A, A,Y, ■ ■ ■) 
( ■■■, Z,, [X , Y], Z2 ■■■ ) 

= ■■■ Zt{-tga\' + 2)-' fJ^X^Y^} Zi- ■■■ g...,,TH. 



(6.24) 



(^Ad,)''i gns = 0, /i^^ (7«s = 0, A^/^ ^«s = gjj, (6.25) 

(P^Of, ^^^^ = 9IRS {VAd^fjj,, {X, [Y , Z]) = {[X , Y], Z) (6.26) 
where X, F and Z are fields in the BRST algebra B. 

Proposition 5. Assume X"' anc? F"' are two different fields in B with the indices 
rix > Uy. Z'^ denotes a field in B, or a field multiplying by the zero component of this 
or another field. Since the following relations are linear for the field Z'\ Z'^ can also 
he replaced by their linear combination, for example, F"'. Then, 

(_l)n.n. (..., Zi, XyV Z2,---) 

AfA2 + 2) (6-27) 

= (A2 + l)(...,Zi,rOX,Z2,---) - A_^(...,^^jy,x],Z2,---) 



{iglX\{--- , Zi, (AM + A^o), Z2, ■■■) 

= rM--- , ^1, A, A, Z2, ■■■) 

{%glX\{--- , Zi, (A + 777^0), Z2, ■■■) 
= i'^ {■■■ . Zx , ri , ri , Z2 , ■■■) 



(6.28) 



-1)"^"'' (■■■ , Zi, X, r , Z2, ■■■) 

= (■■■ , Zi, F, X, Z2, ■■■) (6.29) 

- %g\-\ (■■• , ^1 , (F°X - (-1)"^"-XF0) , Z2 , ■■•) 
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= ^g\U■■■, Zi, F°X, Z^,---) 

- (A2 + 2) (■■■, Z,,[Y,X], Z2,---) + (■■■, Z,,Y,X, Z2,---) 
-ir^-y (■■■, Z^, [X ,Y], Z^,---) 
= tg\U---,Z,,Y'X,Z2,---) - (A2 + l)(...,Zi,[r,X],Z2,---) 



Proof. From (5.7) and (4.36) we have 

(_i)n."y x^ r° = (A^ + 1) r° x^ + A r^ x^ /j^ 

Due to (4.43), 

r^X^ (^A.,)f^Xj(T'^.)Xx(n 



MA^ + 2),,,^^ ,^ ,.^ 



According to the definition (6.6) we obtain (6.27). 
From (5.3) we have: 



(6.30) 



{tg/X} (A^A' + AMO) XI in) = iX' + 2)-' A'A^ C/j,xiiTl) 

= r'A''A^xjiT-,)xK{T{ 

This relation leads to (6.28). The relation also holds for rj'^ due to (4.32). 
From (4.42) and (5.7) we obtain: 

i-ir^-yx^Y^xim) xj{n) = Y^x^A^xiin xj(n) 

= Y^X^ {xKin) XL(n) - CT^xt{T%)} 

= Y^x^XiiiT^d) xiiTi) - {tg/x} (y'x' - (-1)"^". x^yo) xj (H) 



Then, noting (4.35) and (5.7) we have: 

{(_l)n.n. X^F-^ - Y'X'^} xiiT'^d) XjiT", 

= {(-1)«^«. X^V - F^X^} Xi^) Xj{t° 

- ig {g-^+2/^[X]-i + A-i(l-g2/^)}{(-l)"-"-X^ro_yOx^|;^^(T« 
= - igX-^i [y^X-^ - {-ly-^y X-^Y^] Xj{T%) 

It leads to (6.29). From (6.27) and (6.29) we obtain (6.30). Q.E.D. 
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From Proposition 5 we obtain: 

{F , A) = {A, F) = {A, dA) + {ig/\} {A , (A^A + AA^)) 
= {A , dA) + ^-' {A, A, A) 



(6.31) 



Proposition 6. For any field X E B, 

(r/ , r/ , [r/ , X]) = 0, {A , A , [A , X]) = (6.32) 

Proof. From (4.27) and (4.32) we have: 

fh fk V' V'X^ = - (A^ + 2)-i /J, f^^ r/ fEs ^^ V' X^ 

\2 I 1 (6.33) 

Noting (6.7) and (6.18) we have: 
/A2 + 2 



,2 . -X2 



^g^ J {V,VAV, X]) = v' n' V"" X^ fjj f^^ gTQ 

= v' v' ^^ X^ ffj /«^ gQL 

- pTTY V V V X fjT fj^ Qql 

= ^ ^S^ ^^ X' f?, fh m 



A2 + 1 

'A2 + 2 



V' V' V"" X^ f?j fl^ SQT 



A2 + 1 



Thus, 



,2 . ^X2 



1 - fi^l \v'n'v^x^fJ,f-,g^Q = ^ 



A2 + 1 

The first relation in (6.32) is now proved. The proof for the next relation can be 
performed analogously. Q.E.D. 

Let Z^ be a field in B with the index n^, and let X'' denote the field r|^^ or A^^ with 
the index n^; = — 1 or 1, respectively. From Propositions 4 and 5 we obtain that if 

riz < rix'. 

{X , X , Z) = (Z , X , X) 

(-1)— (X , Z , X) = - (A2 + 1) (Z , X , X) 

(6.34) 

(X , X , Z) - (-l)--(X , Z , X) + (Z , X , X) 
= [3] (Z , X , X) 
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If Hz > Ux, we have: 

{Z , X , X) = zgX^X' + 2) XO(X , Z) + {\^ + 1) {X , X , Z) 
(_l)n.n. l^x , Z , X) = - igXi X\X , Z) - {X , X , Z) 

= - (A^ + 2)-i {(X , X , Z) + (Z , X , X)} (6.35) 

(X , X , Z) - (-1)"^"^(X , Z , X) + (Z , X , X) 

- - (-1)"-"- [3] (X , Z , X) 

7. g-Deformed Chern-Simons and Cocycle Hierarchy 

In the classical case Zumino [Zuml] [MSZ] introduced a homotopy operator k 
to compute the Chern-Simons. Generalizing his method we compute the second q- 
deformed Chern-Simons for SUq{2) in our previous paper [HHM]. Now, we compute 
the ?72-th g-deformed Chern-Simons for SUq{N). 

Introduce a g-deformed homotopy operator k that is nilpotent and satisfies the 
Leibniz rule in the graded sense for the index n: 

A;2 = o, dk + kd = 1 (7.1) 

In the following we are going to show the existence of k, and compute the g-deformed 
Chern-Simons Q2m-i{A) from the m-th g-deformed Chern class by the operator k: 

Pm = {dk + kd)Pm = d{k Pm) = dQ2m-iiA) 

[7-2) 

V2m-l(^) = k Pm 

where we used dPm = 0. 

Introduce a real parameter t, < t < 1. When t changes from to 1, the gauge 
potentials A^ change from to A"^: 

Ai = t A^ 

F/ = tdA^ + {ig tyX} (^0 A^ + A^ A^) (7.3) 

= tpJ + {ig if - 1)/\} (a" A^ + A^ AO) 

We choose the symmetrized definition for the g-deformed derivative and the g- 
deformed integral [GR] [Jackson] to fit our definition (2.9) for g-number. Define the 
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g-deformed derivative along t by: 



±fU) = Ml^M^ (7 4) 



satisfying the g-deformed Leibniz rule: 



|;,„„.^,fe,,;fe-,,M) ,.5, 



/ d,tf{t) = to(i-g') E ?'' /(^''^'^o) (7.6) 



The g-deformed integral is defined by: 

'*" dqtfit) = to(i-g') 

A;=0 

At least for a polynomial, the g-deformed integral is the inverse of g-deformed deriva- 
tive. For example, 

A t'" = [m] t"'~\ p dqt t^-i = t™/[m] 

Now, define the g-deformed Lie derivative 6^ along t in the gauge space: 

S, ^ d,t ^ (7.7) 

and the g-deformed operator it that satisfies the g-deformed Leibniz rule in the graded 
sense for the index n: 

itAi = 0, £,F/ = KM = d,t A' 

where X/ and Y^^ are the fields in B, and Xf has the index n. 

It is easy to check that for all formal polynomials (vanishing at F/ = and A^ = 0) 

we have 

itit = 

d 

it d + d £t = 6q = d,t — (7.9) 

Oqt 

6g d = d 6q, 6g it = £t Sq 
Comparing it with (7.1) we obtain: 

k = ['it (7.10) 

Jo 
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The {2m — l)-th g-deformed Chern-Siinons can be computed from (7.2) straight- 
forwardly. In the following we give some examples. For m = 2 we have: 



(7.ii: 



it {P2)t = {itFt , F,,) + {F^-H , itFt) 

= d,t {{A , Fgt) + (F,-i, , A)} 

= dgt {t[2]{A , dA) + ig\-H^{\^ + 2) (A, (AM + A^o))} 

= d,t {t [2] {A , dA) + t^rHA^ + 2) {A, A, A)} 

where we have used (6.28). 

QsiA) = k {P,\ 

= {A, dA) + rH[4]/[3][2]}(A, A, A) (7.12) 

= {A, F) - {^[3]}-! {A, A, A) 

For m = 3 we have: 

it (P3)i = {itFt , Fgt , F,t) + {F,-H , itFt , F,t) + {Fg-H , F,-h , itFt) 
= d,t {A , Fgt , F,t) + {Fg-it , A , Fgt) + {Fg-H , Fg-H , A) 
= dqt t^ {g2 (A , rfA , dA) + (rfA , A , rfA) + g-2 (rfA , rfA , A)} 

+ g^ (A , (iA , A , A) + (^ + ^-3) {dA, A, A, A)} 

Q,{A) = k (Pa)* 

= [3]-i {g2 {A , dA , dA) + {dA , A , dA) + q'^ {dA , dA , A)} 
+ {my {{q' + q-') {A, A, A,dA) + q-'{A, A,dA, A) 
+ q^ {A, dA, A, A) + {q + q-^) {dA , A , A , A)} 

= [3]-i {q' {A, F , F) + {F , A, F) + q-' {F, F , A)} 

- ig {mm-' {{q' + q-') {A , A , A , F) + q {A , A , F , A) 

+ q-' {A, F , A, A) + (g + g-3) {F , A , A , A)} 

(7.13) 

Just like those in the classical case [HZ], the gauge fields F^^ are invariant under 

the transformation: 

A^ ^ A^ - T]'^, d ^ d + 5 (7.14) 
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In fact, 

= {d ^ S) {A^ - n^) 

+ I {(A° - ^^){A' - v') + {A' - v''){A' - 7^°)} 
= F' + Ua-" - dr]-' - 'j- (77°^-^ + AV)} 

= F' 
Now, transforming (7.2) and expanding it by the ghost number, we obtain: 

P^ = {d + 6) Q2m-i{A-v) 

2m- 1 

Q2m-l{A-r]) = Yl ^2m-n-l (7-15) 

n=0 
2m-2 

P^ = du;l^_, + Y. {^^2m-n-l + rf^2min-2} + '^^O™"' 
n=0 

where the subscripts denote the degrees of form of the quantities, and the superscripts 
denote the ghost numbers. In two sides of (7.15) the quantities with the same degree 
of form and the same ghost number should be equal to each other, respectively: 

P„ = dul^^„ Suj',"^-' = 

Mm-n-l + dU2m-n-2 = 0, U = 0, 1, ■ ■ ■ , (2m - 2) 

For example, for m = 2 we have: 

Qs{A-r]) = {A-T], F) - {^[3]}-' {A-T], A - r] , A-r]) 
Simplifying them by the formulas given in Section 6, we obtain: 



(7.16) 



UJ 



= Q,{A) = {A, F) - {^[3]}-! {A, A, A) 

= {A , dA) + ^ (A, A, A) 

uol = - {r^, dA) - {tg/\} {r] , (A^A + AA')) 

+ {my {{V, A, A) + {A,r^, A) + {A , A , r^)} 

= - iv , dA) 

^1 = - {^[3]}"' {{r], T] , A) + [r] , A, T]) + {A, T] , T])} 

= - ^-' {r] , A , T]) 

^0 = {^[3]}-^ {V,V,V) 
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(7.17) 



It is easy to check by the formulas in Section 6 that (7.17) satisfies (7.16). 

8. g-deformed Lagrangian and Yang-Mills equation 

In the present paper the spacetime is the ordinary commutative Minkowski space- 
time. Explicitly writing down the spacetime indices, we have: 

A-^ = A'^dx^, F^ = ]- F^^ dx^" A dx"" (8.1) 

It is well known that the metric g^^ in the Minkowski spacetime can change the co- 
variant index to contravariant index, or vice versa. 

Now, the g-deformed Lagrangian that is covariant both in the Lorentz transforma- 
tion and the g-gauge transformation is: 

^ = - ^ (^.. > Fn = -\ (^').^ ^F'r 9IJ (8.2) 

We have known that the components of the identity and the adjoint representations 
are separated in the g-deformed Chern class, and obviously in the g-deformed La- 
grangian. Here we only discuss the g-deformed Lagrangian constructed by the adjoint 
components. 

The g-deformed Yang- Mills equation is just the g-deformed Lagrangian equation: 

d, (F-^r i9Kj + 9jk) 

= (A2 + 2)-i {c^k-C^r) {9iAA^),{F'r + 9Ji{F'riA^),} 
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